It has been suggested recently that the change in cosmological redshift (the Sandage test of expansion) could be observed in the next generation of large telescopes and ultra-stable spectrographs. In a recent paper we estimated the change of peculiar velocity, i.e. the peculiar acceleration, in nearby galaxies and clusters and shown it to be of the same order of magnitude as the typical cosmological signal. Mapping the acceleration field allows for a reconstruction of the galactic gravitational potential without assuming virialization. In this paper we focus on the peculiar acceleration in our own Galaxy, modeled as a Kuzmin disc and a dark matter spherical halo. We estimate the peculiar acceleration for all known Galactic globular clusters and find some cases with an expected velocity shift in excess of 20 cm/sec for observations fifteen years apart, well above the typical cosmological acceleration. We then compare the predicted signal for a MOND (modified Newtonian dynamics) model in which the spherical dark matter halo is absent. We find that the signal pattern is qualitatively different, showing that the peculiar acceleration field could be employed to test competing theories of gravity. However the difference seems too small to be detectable in the near future.
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I. INTRODUCTION
Present cosmology has plenty of accurate data on the cosmic expansion, from standard candles to big bang thermal relics, but still lacks a direct observation of expansion which does not rely on interpreting the redshift as due the expansion itself. Such a direct test of expansion has been suggested in the 60's by Sandage [1] and recently reproposed by various authors [2, 3, 4, 5, 6, 7, 8] in view of tremendous technological advances in spectroscopy and telescope collecting power. The expansion can be directly observed by measuring the redshift of sources at cosmological distances (e.g. quasars) at two different epochs in time, obtaining for a homogeneous and isotropic Universe the relatioṅ
The expected effect at z ≈ 1 amounts to less than a centimeter per second per year. Today's spectroscopy has reached already a sensitivity of few meters per second: by using spectra populated by many sharp lines, some authors have shown that a statistical sensitivity of the required level can be reached with the next generation of optical telescopes [9] . The total signalż results clearly from the combination of the cosmological acceleration and of the line-of-sight component of the local (peculiar) acceleration field, just as the redshift itself combines global and local velocities. At large scales (z ≥ 0.5) the peculiar acceleration signal acts as a noise over the cosmological signal and it might be hard to discriminate between the two contributions. At smaller depths however the peculiar field dominates and can be observed directly. In a recent paper [10] we found that the peculiar acceleration in nearby clusters and galaxies is in fact of the same order of magnitude of the cosmological signal at larger distances and could be measured with the same instrumentation.
In this paper we focus instead on the peculiar acceleration of our own Galaxy and see how this can help reconstructing the Milky Way gravitational potential. We model our Galaxy as a Kuzmin disk plus a spherical dark halo and calculate the expected peculiar acceleration as a function of source distance and Galactic coordinates. Then we apply the general expression to all known Galactic globular clusters, finding signals up to 20 cm/sec in 15 years, quite larger than the typical expected cosmological signal.
The peculiar acceleration field maps directly the gravitational potential without the need to rely on virialization assumptions. One is therefore led to ask whether the peculiar acceleration field could help in discriminating among competing gravitational theories. A well-known model of non-Newtonian gravity is the modified Newtonian dynamics (MOND) theory [11] : in this theory, the galaxy can be modeled as a baryonic disk, without any spherical halo, with parameters chosen to obtain the same asymptotic disk rotational velocities. We estimated the Milky Way peculiar acceleration field in MOND and compared it to the Newtonian field for sources outside the disk, where the geometry of the two models should maximize the difference. We find qualitatively distinct patterns in the two cases but we find rather small quantitative differences, not larger than 1 cm/sec, probably too low to be within the reach of foreseeable observations. It is of course possible that peculiar acceleration can be used to discriminate Newtonian dynamics from other models of gravity in our own Galaxy, thereby extending the test of gravity far beyond the present solar system limits. Furthermore, measuring peculiar accelerations could be a way to determine the gravitational potential parameters.
II. PECULIAR ACCELERATION
We start by investigating the peculiar acceleration signal expected in the case of a generic spiral galaxy. Later, in Section III, we will address the specific case of our own Galaxy.
The signal we are after is the velocity shift ∆v given by
where a s is the line of sight component of the acceleration and ∆T is the time interval between two observations of the velocity of a test particle. Let us first consider the disc component of the galaxy. If a test particle (e.g. stars, gas) orbits on the disc, a mathematical theorem states that, due to the symmetry of the distribution, its peculiar acceleration is affected only by the mass embedded within its distance from the centre, and it is the same as if this mass was totally concentrated in the centre.
In order to model the disc component, we will consider the so-called Kuzmin disc, namely a disc with superficial density
where M is the total disc mass, R and z are cylindrical coordinates and h is the scale length of the disc. The two-parameter Newtonian gravitational potential outside the disc is
and the equipotential surfaces are concentric spheres centered at ±h (see Fig. 1 ). The test particle acceleration then reads
with |z| accounting for the acceleration field above and below the disc. The force field of a Kuzmin disc no longer converges towards the origin of axis (see Fig. 1 ). Consequently, the projection angle θ must be corrected by γ, namely the angle between the acceleration and the radial direction r.
On the other hand the peculiar acceleration of a test particle outside the disc, e.g. a globular cluster, is not only affected by the gravitational potential generated by the disc, but also by the possible presence of a dark matter halo needed to explain the observed rotation curves. An alternative description of the gravitational potential can be given within the MOND framework: in this case, only baryonic matter in the disc is present, and the gravitational law is modified. The peculiar acceleration of a test particle outside the disc will then be affected by the axisymmetrical gravitational potential of the disc.
We will now calculate the expected signal in the two scenarios: first, the standard configuration of a disc plus a cold dark matter halo; second, the alternative description in terms of a disc plus MOND. The bulge component will be neglected in both scenarios, since its spherical symmetry allows one to treat it simply as an additional contribution to the total mass for scales outside the bulge.
A. Disc + CDM halo
In standard Newtonian mechanics we model the galaxy as a Kuzmin disc embedded in a CDM halo, described by a spherical logarithmic potential, following [12] . Thus we adopt the Kuzmin potential for the disc (as in Eq. 4) and we model the halo potential as logarithmic, where R c is the scalelength, q is the halo flattening (q = 1 recovers spherical symmetry) and v 0 is the asymptotic value of the velocity at large radii. The Kuzmin and the halo accelerations must be projected along the line of sight and then added together. While for spherical symmetric logarithmic potential the acceleration is radial and the angle between the line of sight and r is simply θ (see Fig. 1 ), as mentioned before, the projection angle for the Kuzmin acceleration does not point towards the origin. One clearly has cos θ ≈ sin β. Using r cos β R g θ, z ± √ r 2 − R 2 and R R g θ, the two line of sight accelerations read
All the parameters of the gravitational potential will be fixed to the values of [12] : M = 1.2 · 10 −11 M , h = 4.5 kpc, v 0 = 175 km/s, R c = 13 kpc and q = 1. In Fig. 2 the velocity shift caused by the Kuzmin disc and the CDM halo are plotted, as well as their sum, assuming a time span ∆T = 15 yr. Due to its non-radial direction, the main effect of the Kuzmin potential is to shift the maximum and the zero-crossing of the function with respect to the spherically symmetric case. The signal itself is in principle completely independent on the distance of the galaxy; however we have expressed it as a function of observable quantities, like the viewing angle. In Fig. 2 we assume a distance of the galaxy centre of 800 kpc, namely the distance of Andromeda galaxy.
B. Disc + MOND
The Modified Newtonian Dynamics (MOND) paradigm was first proposed by Milgrom to reconcile discrepancies between general relativity and galaxy scale dynamics [13] . As presented in its first version, MOND by itself violates conservation of momentum and energy. In this paper we concentrate on the Bekenstein-Milgrom formulation of MOND [14] , which leaves the Newtonian law of motion intact and modifies the standard Poisson equation for the Newtonian gravitational potential as follows: where ψ is the MOND gravitational potential, ∇ 2 φ N = 4πGρ, and a 0 is a scale that was estimated by Milgrom to be a 0 = 1.2 · 10 −10 m/s 2 . The original shape of µ that helps rendering the right profile of rotational velocities is µ(|a|/a 0 ) = 1 for |a| |a 0 | and µ(|a|/a 0 ) = |a|/a 0 for |a| |a 0 |. Eq. 9 is a non-linear equation which might be hard to solve analytically, except for a class of symmetric configurations. In [11] , a class of disc-galaxy models has been introduced for which exact solutions of the MOND field equation exist. Subtracting the usual Poisson equation from the MOND equation (9) one has
For configurations with spherical, cylindrical or plane symmetry the relation between the MOND field and the Newtonian field becomes
This equation permits a straightforward relation between the two potentials, such that by assuming a matter density distribution, one can solve the Poisson equation for the Newtonian potential and then invert it to get the MOND one. The function µ defined in MOND has been reformulated during the years, moving from a step function as the aforementioned type to, e.g., µ(x) = x/ √ 1 + x 2 . As pointed out in [11] , the function I(x) = xµ(x) is therefore monotonic and invertible, and the inverse is related to the function ν(y) = I −1 (y)/y. Eq. 11 now reads as
The exact MOND solution is then given by Eq. (12), with
where a M and a N are the MOND and Newtonian acceleration, respectively. For µ(x) = x/ √ 1 + x 2 , then ν(y) = [1/2 + y −2 + 1/4] and consequently
The expression for the peculiar acceleration in MOND, outside the disc, is as follows:
with
and 
C. Comparison
In order to compare peculiar acceleration predictions between the CDM and the MOND scenarios, it is necessary to match the MOND configuration to a Newtonian one leading to the same rotation velocity curve. Given Eq. 14 for the acceleration, the related rotation velocity can be written as [11] 
with u = R/h and ζ = M G/h 2 a 0 is a measure of how deep in the MOND regime we are. The asymptotic velocity
1/4 is set by the mass of the disc M = 1.2 · 10 11 M [12] and has to match the sum of the square velocities of the disc and CDM halo, which are
respectively. In Fig. 3 the rotation curve of the galaxy is drawn both for the Newtonian and MOND configuration. Being the two curves almost undistinguishable, a further interesting point we want to address in this paper is the possibility of discerning a difference between the two gravity models by observing the velocity shift of a test particle outside the disc.
The different shape of the peculiar acceleration between Newtonian and MOND configurations are shown in Fig. 4 and 5. The predicted velocity shift reaches a maximum value along the line of sight, ∆v max , that depends on the gravitational configuration. The maximum also depends on the distance from the galactic centre, increasing with decreasing distance. By estimating ∆v max from a sample of test particles (e.g. globular clusters) outside the disc of the galaxy along each line of sight, one might therefore hope to distinguish the Newtonian and the MOND gravitational potentials. In our Galaxy, knowing precisely the coordinates of test particles one might trace out the distribution of the signal; in the following section we will focus on this analysis.
III. MILKY WAY
Now that we have worked out the calculations for the generic spiral galaxy, it is interesting to focus our predictions to the specific case of test particles in the Milky Way. Our Galaxy is known to host almost 150 globular clusters, spread in the stellar halo, with distances up to 100 kpc, which would constitute an ideal observational target. More importantly, knowing exactly the Galactic coordinates of the objects helps reconstructing and comparing the predicted and the observed peculiar accelerations.
Let us then write the contribution from peculiar acceleration to velocity shift in terms of Galactic coordinates, in particular the distance of the object from the sun r s , the Galactic latitude b and longitude l (see Fig. 6 ). Firstly, we have to move from cylindrical coordinates (z, R, ϕ) to Galactic coordinates (r s , b, l), and neglecting ϕ due to the axisymmetry of the potential, the transformation reads where s is the distance of the Sun from the Galactic centre.
The line of sight now corresponds to the direction of the distance from the object to us, i.e. r s . The projection angle θ is related to the new coordinate system as follows:
where r 2 = z 2 +R 2 (see Fig. 6 ). In addition, as already mentioned in Sec. II A, for the Kuzmin potential the correction to the non-radial direction of the acceleration must again be taken into account, so that the projection angle changes to cos (θ ± γ), and γ is as in Eq. (17), where now
We have calculated the expected signal for the 150 globular clusters of the [15] catalogue, excluding only three clusters whose position lies exactly on the disc (where the Kuzmin model breaks down). To be consistent with this catalogue assumption, in our calculations we fix the Sun distance from the Galactic centre to the value s = 8 kpc. We map in Fig. 7 and 8 the 3D distribution of the velocity shift value for each cluster position, in cartesian coordinates. We find that, over a time span of 15 years, signals as high as 22 cm/s in MOND and 21 cm/s in the Netwonian case can be expected. This is a rather large value when compared to an average cosmological signal of order 5 cm/s found either for distant galaxies at z ∼ 3-4 or for galaxies in clusters (see [5, 10] ). We will come back to this result later in Section IV.
In Fig. 9 we map the absolute value of the difference between the signals estimated in the two scenarios. Unfortunately, the maximum differences is only of order 1 cm/s, making it quite problematic to observe. However, supposing that such an accuracy will be achieved in the future, it is interesting to note that the two different scenarios result in a distinct morphology of the signal distribution, that could be used as a signature to identify the actual potential. This is shown in Fig. 10 , for three different distances from the Sun.
IV. DISCUSSION AND CONCLUSIONS
The main purpose of this paper has been to investigate the possibility of reconstructing the gravitational potential of a galaxy by means of the so-called velocity shift signal. Assuming that either the cosmological redshift of the galaxy is almost vanishing or it can be averaged out, the velocity shift produced by peculiar acceleration of test particles orbiting outside the galactic disc has been the key point of our analysis. In particular we focused on a generic spiral galaxy modelled as a baryonic disc component, e.g. the Kuzmin disc, plus a CDM spherical halo. We also extended our calculation to a modified gravity configuration, in which the CDM halo is absent and the Poisson equation is modified following MOND [11] : although the two scenarios are undistinguishable using rotation velocity curve, we addressed the question of whether peculiar acceleration might be employed to discriminate between them.
In Sec. II we have worked out the general treatment for peculiar acceleration in a non-specific galaxy seen by an external observer. The velocity shift signal has been derived as a function of the viewing angle θ and the angle β between the radial position and the plane of the disc. The signal reaches a maximum value that depends on the gravitational potential and could in principle be observed along each line of sight (Fig. 4 and 5 , assuming a time span of 15 yr). As expected, the closer is the test particle to the galactic center the higher is the signal, reaching values comparable to the cosmological ones predicted by simulations and possibly detectable from high-resolution and ultra-stable spectrograph coupled to new generation telescope [9] . In Sec. III we have focused our predictions to our Galaxy and used as test particles the 150 known globular clusters orbiting outside the disc of the Milky Way taken from [15] . As in this case we clearly are internal observers, the peculiar acceleration has been re-expressed in terms of Galactic coordinates, i.e. the distance from the Sun, the longitude and the latitude. The projected acceleration of the Sun on the disc, which has its maximun value on the order of few cm/s, is assumed to be substracted, and the cluster-centred acceleration of single stars in globular clusters is assumed to be averaged out. We have mapped out the contours of the predicted signal of both configurations in a Mollweide projection of the sky at three different distances from us (Fig. 10) . The effect of being off-centred observers combined with the non-radial direction of the acceleration in Kuzmin disc makes the pattern of the contours non trivial. However, while again the signal reaches the maximum value close to the Galactic centre for both scenarios, the difference signal is stronger at high Galactic longitude (close to π) where the spherical CDM halo is more influent. This can be better seen by eye in Fig. 7,8 and 9 where we have mapped the distribution of the peculiar acceleration in Sun-centred cartesian coordinates.
In Table I and II the first 10 globular clusters exhibiting the highest velocity shift signal are listed. They are the same for CDM halo configuration as for MOND, except the last one. Their distance is very similar to the distance of the Sun from the Galactic centre, e.g. ∼8kpc, and the absolute value of their latitude never exceeds 12 o : considering also their longitude, it turns out that they are all fairly close to the centre of the Milky Way. As already emphasised, this is not the case for the difference of the signal between the two scenarios. The first 10 globular clusters with the highest difference signal between the CDM halo configuration and MOND are shown in Table III . In view of possible future detections due to the tremendously improved technology [3, 9] this list might indeed give indications on which particular clusters to look at. Although the feasibility of such observations is still under debate, this new technique would open a new window to the ability of testing the gravitational potential and of constraining the parameters involved in its expression, such as the mass of the galaxy and the scale lengths R c and h. Finally, we point out that the advantage of adopting globular cluster as test particles is related to the fact that they not only are bright, but more importantly composed of thousands of stars and their position is fairly well known; neverthless, in principle one might consider using other probes, like high velocity clouds or HI regions. Moreover, one could also use the acceleration in the pulsar timing as another probe of the acceleration field in the Galaxy. However this requires further investigations that are beyond the purpose of this paper. 
